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												dynamic	pressure,	 ,	lbs/ 																yaw	rate,	radians/sec.															wing	area,	 																	time,	sec.													free-stream	velocity,	ft/sec.							wind-tunnel	stability	axis	system															angle	of	attack,	radians	(in	degrees	where	noted)														angle	of	sideslip,	radians													circular	angular	velocity,	radians/sec.																density	of	air,	slugs/ 								quarter-chord	sweep	angle,	radians	or	degrees												leading-edge	sweep	angle,	radians	or	degrees														taper	ratio																phase	angle,	radians															indicial	function			 				 		 						 					 			
			 	 	 	 		





































































Basic	Considerations			 A	number	of	stability	derivatives	exist	for	airfoils	and	wings	for	steady	and	oscillatory	conditions.	Since	numerous	comparisons	of	theory	and	experimental	values	for	steady	conditions	have	been	made	in	the	published	literature	over	the	years,	the	effort	here	is	directed	principally	toward	the	oscillatory	condition.	It	should	be	recognized	that	the	steady	condition	is,	of	necessity,	examined	first	in	all	cases	prior	to	considering	oscillatory	motion	and	consequently	a	few	examples	are	mentioned	when	they	are	of	interest.		Note	that	for	steady	conditions,	experimental	measurement	of	the	stability	derivatives	for	some	wings	due	to	constant	angular	rate	in	 	or	 	or		 were	made	in	the	rolling	flow	and	curved	flow	test	sections	of	the	NASA	Langley	Stability	Tunnel	in	the	1940’s	and	50’s	(reference	5	).						 	






the	rolling	and	yawing	moments.	Tests	were	made	for	an	angle	of	attack	range	through	stall	at	several	values	of	oscillation	frequency.	Of	interest	herein	are	those	tests	made	at	the	single	frequency	designated	by	kb = .22 .	Canopies	were	used	on	all	wings	to	cover	the	balance	that	extended	above	the	wing	upper	surface	to	prevent	airflow	through	the	wing.	The	tests	were	conducted	at	a	dynamic	pressure	of	24.9	lbs.	per	square	foot.				 		
Results	And	Discussion					





















the	curves	represent,	of	course,	the	time	dependent	portion	of	the	derivatives.	Figure	22	gives	the	indicial	function	for	the	rolling	moment	calculated	herein	and	figure	23	gives	the	frequency	response	values	for	the	stability	derivatives	 and	 as	a	function	of	the	reduced	frequency	parameter	 .	The	results	show	the	derivative	magnitudes	change	very	slightly	over	the	frequency	range	shown.	Figure	24	gives	a	rolling-moment	versus	displacement	trace	and	figure	25	gives	an	estimate	of	the	corresponding	induced-drag--parameter	versus	rate-displacement	trace	using	eight	horseshoe	vortices	to	represent	the	wing.	The	latter	result	indicates	that	a	time	history	of	the	drag	force	would	show	it	oscillates	at	twice	the	oscillation	frequency.	(For	drag	development	see	reference	1.)	In	addition	there	exists	a	profile	drag	component	that	must	be	considered	when	comparing	these	results	with	experimental	measurements.		With	the	centerline	chord	set	at	 	the	side	force	and	yawing	moment	are	both	zero.	If	an	angle	of	attack	is	introduced	the	derivatives and also	their	time	derivatives	can	acquire	values	particularly	for	tapered	and	swept	wings.	Additional	time	dependent	calculations	were	not	attempted	since	experimental	wind-tunnel	measurements	were	not	available.				










kb 0 ≥ kb ≥ .24





As	shown	in	figure	2	the	moment	center	and	rotation	axis	is	located	at	the	quarter-chord	of	the	mean	aerodynamic	chord.	From	consideration	of	the	effect	of	shed	vortices	in	the	wake	and	from	previous	experience	from	reference	1	and	the	previous	section	herein,	an	indicial	function	was	established	and	the	steady	stability	derivative	,	and	the	oscillatory	derivatives	 	and 	were	calculated	for	.	A	similar	indicial	function	was	used	along	with	the	steady-state	yawing-moment	derivative and	its	value	at	time	equals	zero	to	obtain	values	for	the	yawing	moment	derivatives	at	 .	Numerical	values	calculated	for	both	derivatives	were	obtained	in	terms	of	angle	of	attack.	These	values	were	modified	by	the	ratio	of	steady-state	lift-cure	slopes	(experimental	to	vortex	calculated)	and	the	results	compared	with	wind-tunnel	measurements	given	in	reference	7.		Figures	29a,	29b,	29c	and	figures	30	and	31	present	the	data	of	reference	7	with	the	modified	values	calculated	herein	overlaid	to	provide	a	direct	comparison	of	theory	and	experimental	results.	As	presented,	a	comparison	shows	reasonable	agreement	in	the	low	and	medium	angle	of	attack	range.	Although	some	differences	are	apparent	at	the	low	angles	of	attack,	some	are	quite	large	at	the	higher	angles	of	attack.	The	corresponding	numerical	values	calculated	for	the	derivatives	are	given	in	Tables	2	and	3.				
Sideslip	Derivatives				 Calculations	for	several	wing	planforms	using	different	numbers	of	horseshoe	vortices	were	made	initially	to	obtain	values	for	the	rolling-moment	derivative	due	to	sideslip,	 ,	for	steady	flow	conditions.	During	this	process	it	was	noticed	that	by	using	only	two	horseshoe	vortices	to	represent	wings	having	straight	leading	and	trailing	edges,	equations	for	the	sideslip	parameters	 	and	 	could	be	
developed	yielding	numerical	values	comparable	to	those	in	reference	15	for	 	without	the	Weissinger	correction	factor	of	+.05	applied.	These	equations	are	given	in	Appendix	C.	Calculations	for	the	three	different	wings	were	made	initially	to	obtain	values	for	the	rolling	moment	derivative	due	to	sideslip	for	steady	flow	conditions	using	N=2.	Calculations	were	also	made	for	the	starting	condition.	Using	these	two	results	in	conjunction	with	information	for	a	number	of	downstream	stations,	an	indicial	function	was	established	(figure	32)	and	values	for	the	oscillatory	derivatives	and	 for	each	wing	were	obtained	for	 .	These	results	are	presented	in	Table	2.	Corresponding	values	for	the	oscillating	yawing	moment	derivatives	were	obtained	using	calculated	values	for	the	steady	state	parameter	















Derivative	Combinations				 Reference	9	presents	wind-tunnel	measurements	of	the	rolling-moment	and	yawing-moment	stability	derivatives	for	the	same	three	wings	shown	in	figure	2	performing	sinusoidal	oscillation	in	yaw	about	a	vertical	wind	axis	(see	figure	37).			Photographs	of	the	wings	mounted	in	the	wind	tunnel	are	given	in	figure	39.		The	aerodynamics	from	this	motion	arise	from	the	combination	of	sideslip	and	yaw	rate.	The	stability	derivatives	thus	obtained	are	in	combination	form	as	(see	Appendix	D):			𝐶#$ − 𝐶#&, 𝐶#& +	𝑘*+𝐶#$, 	𝐶,$ − 𝐶,&, 	𝐶,$ +	𝑘*+𝐶,$																																											In	order	to	calculate	values	of	the	combination	derivatives,	it	is	necessary	to	calculate	the	sideslip	 	and	yaw-rate	 contributions	separately.	These	contributions	for	the	single	frequency	 	are	given	in	the	preceding	sections	and	the	final	values	were	obtained	for	the	combination	derivatives.	These	values	are	given	in	Tables	2	and	3.		A	graphical	comparison	of	these	calculated	values	with	experimental	measurements	of	reference	9	is	given	in	figures	40	through	43	by	simply	plotting	the	values	for	the	calculated	curves	on	copies	of	the	data	points	and	curves	from	figures	19	through	22	of	reference	9.		The	data	points	(circles)	are	the	measured	values	from	the	oscillation	in	yaw	test	and	the	solid	lines	are	the	summed	data	values	from	the	component	
Cnβ( )ss
kb = .22






Concluding	Remarks				 An	exploratory	study	was	undertaken	to	calculate	numerical	values	for	some	aerodynamic	terms	and	stability	derivatives	for	several	different	wings	in	unseparated	inviscid	incompressible	flow	using	a	discrete	vortex	method	involving	a	limited	number	of	vortices.	Both	longitudinal	and	lateral-directional	derivatives	were	calculated	for	steady	conditions	and	also	for	sinusoidal	oscillatory	motions.	Frequencies	considered	were	limited	to	the	range	of	interest	to	vehicle	dynamic	stability	 .	Comparison	of	some	calculated	results	with	experimental	wind-tunnel	measurements	were	in	reasonable	agreement	in	the	low	angle	of	attack	range	considering	the	differences	in	the	mathematical	representation	and	experimental	wind-tunnel	model	tested.	For	the	frequency	range	considered,	the	magnitudes	of	the	stability	derivatives	for	wings	decrease	with	increasing	frequency.	Equations	were	developed	for	sideslip	derivatives	for	wings	having	straight	leading	and	trailing	edges	in	steady	flow	that	were	in	agreement	with	previously	published	information.	Of	particular	interest	was	the	presence	of	induced	drag	for	the	oscillating	condition	due	to	the	vortices	shed	in	the	wake	interacting	with	those	representing	the	wing	surface.	The	number	of	horseshoe	vortices	was	varied	for	calculating	values	for	the	different	derivatives	considered.	For	some	derivatives	such	as	 and	 more	horseshoe	vortices	were	used	to	obtain	a	better	definition	of	the	load	distribution.	For	derivatives	that	were	calculated	in	parameter	form	such	as	 	and	 only	several	vortices	were	needed	since	both	numerator	and	denominator	values	varied	with	the	number	of	horseshoes	chosen.						















	Substituting	the	chord	relationship	by	replacing	 	by	 			yields:		 A=3:				 				
A=6:				 					Figure	20	presents	the	indicial	function	comparison	based	on	the	rectangular	wing	chord.			
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cb = π4 crb
€ 
c = π4 cr
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ΦLα = .600 − .1698e
−.4241 Vtc /2
€ 







wm[ ] =	 Fmn[ ] kn4πd!"# $%& 																																	 								where	subscript	m 	specifies	a	given	control	point,	n a	given	horseshoe	vortex,	and	
Fmn[ ] 	is	a	square	matrix.				 Since	the	velocity	across	the	wing	span	varies	with	yaw	rate,	then	the	scalar	equation	that	satisfies	the	condition	of	no	flow	thru	the	wing	surface	at	any	specific	control	point	can	be	written	as:					 	 	 wm 	− 	 V − rym( ) 									 	 	 			Expressed	in	matrix	form,	the	problem	can	be	divided	into	two	parts	yielding	two	sets	of	circulation	values,	thusly:		 	 	 Part	A						 Vα[ ] 	=	 Fmn[ ] 	 kn4πd!"## $%&& 																		 									 	 	 Part	B					 −rymα[ ] 	= Fmn[ ] kn4πd!"# $%& 														 						The	expression	for	Part	A	is	the	form	used	to	determine	the	circulation	values	for	angle	of	attack.	The	expression	for	Part	B	can	be	written	as:				
















































































































































˙ ψ =ψoω cosωt
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r = ˙ ψ 
€ 
˙ β = − ˙ ψ 
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= −ψk2 = βk2
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